We study parity violation in graviton non-gaussianity generated during inflation. We develop a useful formalism to calculate graviton non-gaussianity. Using this formalism, we explicitly calculate the parity violating part of the bispectrum for primordial gravitational waves in the exact de Sitter spacetime and prove that no parity violation appears in the non-gaussianity. We also extend the analysis to slow-roll inflation and find that the parity violation of the bispectrum is proportional to the slow-roll parameter. We argue that parity violating non-gaussianity can be tested by the CMB. Our results are also useful for calculating three-point function of the stress tensor in the non-conformal field theory through the gravity/field theory correspondence.
Introduction
The origin of the chirality of the matter sector is one of the most basic problems in particle physics. The associated violation of parity (P) and charge conjugation (C) invariance, however, may not be so fundamental because such a violation can be easily realized by introducing a P violating hidden background field or alternatively, the invariance can be recovered by considering a mirror image in the hidden sector. In contrast, CP violation is much more profound because it implies the violation of time reversal (T) invariance under the assumption of TCP invariance. When this T violation is transmitted to the gravity sector, parity violation would occur in the gravity sector because it is legitimate to require the C and TCP invariance of the gravity sector. In general relativity, this transmission can occur only through higher-order processes and is usually suppressed. Though, this transmission might be substantial in a yet to be found ultra-violet (UV) completion of general relativity, or the unified theory may allow the parity violation itself in the gravity sector. For example, such phenomena indeed occur in superstring theories. Thus, experimental or observational detections of parity violation in the gravity sector certainly provide us with direct information concerning the UV completion of general relativity or the ultimate unified theory.
The most promising route to this end would be to explore parity violation in relics of inflation in the early universe. In particular, measurements of parity violation in the primordial gravitational waves produced during inflation are expected to bring us information about the Planck scale physics. From this standpoint, it has been intensively discussed how to observe the parity violation in the power spectrum directly using the laser interferometer [1, 2, 3] and indirectly using T B correlation in the cosmic microwave background (CMB) [4, 5] . Remarkably, some speculative gravitational theories with a parity violating term produce significant parity violation in the power spectrum of primordial gravitational waves [6, 7] . Unfortunately, in the conventional inflationary scenario a parity violating term leads to only very small amount of circular polarization in the power spectrum of primordial gravitational waves [8, 9, 10, 11, 12, 13, 14, 15, 16] .
In principle, we can also seek parity violation in higher-order correlation functions [17, 18] . Since the power spectrum and the higher-order statistics are often sensitive to different kinds of parity violating interactions, they may have different correlations with other revealing statistical features. For example, in a recent paper of Maldacena and Pimentel, they discussed graviton non-gaussianity in the exact de Sitter spacetime and found that the pattern of parity violating bispectrum is severely constrained by the conformal invariance [19] . One might then be tempted to deduce that their result implies the unsuppressed parity-violation in the bispectrum. We argue that this is not immediately obvious since they have not calculated observable quantities explicitly.
In this paper, we develop a new tool to analyze graviton correlation functions and show that parity violation does not show up in the case of the exact de Sitter spacetime. We will make clear the origin of the apparent discrepancy between our result and that by Maldacena and Pimentel [19] . Furthermore, by extending the analysis to the slow-roll inflation, we find that parity violation in the bispectrum does not vanish and its magnitude is proportional to the slow roll parameter. Although the parity violation we found is small in the case of slow-roll inflationary scenario, it can become significant in the non-standard inflations such as Dirac-Born-Infeld inflation [20, 21] . Much larger parity violation is also expected to occur in the recently developed effective field theory approaches [22, 23, 24 ] to which our formulation can be also applicable.
The organization of the present paper is as follows. In section 2, we present a useful formalism for evaluating non-gaussianity in the helicity basis. In section 3 we calculate graviton bispectrum in the exact de Sitter universe and explicitly show that no parity violation arises in the non-gaussianity. In section 4, we explain how to calculate graviton bispectrum in the case of slow-roll inflation. In particular, we demonstrate that parity violation in the non-gaussianity exists and is proportional to the slow roll parameter. We also discuss observability of parity violation in the conventional inflation and more general theories. The final section is devoted to conclusion. In Appendix A, we give details of our formalism. In Appendix B, we present useful formulas for polarization tensors.
A Formalism for Graviton Non-gaussianity
In this section, with the aid of the helicity basis, we present a useful method to evaluate graviton non-gaussianity generated by a parity-violating Weyl cubic term.
Let us start with the Friedmann-Lemaîtle-Robertson-Walker (FLRW) metric
where i, j are indices of the spatial coordinates. No distinction is made between their upper and lower indices hereafter for the three-dimensional tensorial quantities. Tensor perturbations on this background universe are defined by
where h ij obeys the transverse traceless conditions h ii = h ij,j = 0. The gravitational action for the tensor perturbation reads
where the prime denotes the differentiation with respect to the conformal time η and κ 2 = 8πG with the Newton constant G. We have two physical degrees of freedom for tensor perturbations which can be characterized by the symmetric polarization tensors e
where k is a comoving wavenumber vector, and s = ± represents the helicity states ±2. Namely, they satisfy 5) with k = |k|. It is convenient to adopt the normalization 6) where * represents a complex conjugate. Remark that if we choose the phase of each polarization tensor appropriately, the following relations hold:
These relations will play a crucial rôle in proving that no parity violation occurs in nongaussianity for the exact de Sitter universe. Now, it is straightforward to quantize tensor perturbations. The mode expansion is written as
where the creation and annihilation operators are normalized as
The mode function u k satisfies the evolution equation
The canonical commutation relation leads to the normalization condition
Once a set of mode functions satisfying this normalization is specified, the corresponding Fock vacuum is determined by a s (k)|0 = 0. Then, we can calculate graviton correlation functions for each interaction with the help of the standard perturbation technique. The purpose of this work is to explore the possibility of parity violation. It is well known that the information of gravitational waves is completely encoded in the Weyl tensor W µνλρ . When we restrict ourselves to pure gravity, possible parity-violating interaction terms can be found easily. Apparently, the linear term in the Weyl tensor
vanishes, whereas the quadratic term
is a topological term. 1 Thus, the first two terms in W µνλρ are irrelevant to the parity violation. It follows that the leading term comes from the following cubic action 14) which is P-and T-odd. Here, b is a constant with dimension [length] 2 (in c = = 1 units).
We shall evaluate the graviton non-gaussianity generated by this term and examine if the parity violation emerges in the bispectrum. We first establish an efficient formulation to calculate graviton correlation functions in a general FLRW universe. In this method, the fact that the helicity decomposition is related to the decomposition by a pseudo-duality in the Minkowski spacetime plays an important rôle. To see this, let us consider gravitational waves γ (M)ij in the Minkowski spacetime (see Appendix A). In terms of the new variable defined by 15) which is transverse and symmetric, we can express the cube of the chiral combinations (A.1) of the Weyl tensor as (W ± ) 3 = 64(γ
) 3 . This remarkable relation makes computations quite simple.
When we consider gravitational waves h ij in an expanding universe, however, this simple result does not hold anymore. Nevertheless, as is shown in the Appendix A, if we define γ ij in terms of the tensor perturbation h ij in an expanding universe (2.2) as
we obtain a useful relation
where the Weyl tensor on the right-hand side is understood to take the same functional form as that for tensor perturbations in the Minkowski spacetime. Since the algebraic structure of the Weyl tensor is the same as that in the Minkowski background, if we define γ ± ij by γ
the relation (W ± ) 3 ∝ (γ ± ) 3 continues to hold in the FLRW universe. Therefore, we can write the parity-violating cubic action (2.14) in a general FLRW background in terms of these new perturbation variables γ
From this, we can read off the interaction Hamiltonian H PV (η) as
(2.20)
We should emphasize that γ ij = γ
does not represent gravitational waves in Minkowski spacetime but an auxiliary field. From the definition (2.16), we can give an explicit mode expansion expression for γ ± ij as:
Practically, this expression can be regarded as the definition of γ ± ij . Note that it is generally impossible to give a closed expression for γ ± ij . Nevertheless, it does not cause any problem because only its time derivative γ ± ij ′ appears in the interaction Hamiltonian (2.20) . Remarkably, in the exact de Sitter case, we see that γ ij has a formal similarity to that in Minkowski spacetime and the decomposition γ ± ij corresponds to the helicity decomposition. Note that, in general cases, γ + ij and γ − ij include both helicity components. The main utility of our formalism is that a concise expression (2.19) considerably simplifies calculations of bispectrum in a general expanding universe.
No Parity Violating Bispectrum in de Sitter Universe
Employing the formulation developed in the previous section let us compute the bispectrum in de Sitter universe. We prove that no parity violation appears in non-gaussianity due to the symmetry of de Sitter universe.
The mode function in a de Sitter background reads
where H is a constant Hubble parameter. Letting
and substituting the above mode function into (2.21), we obtain the following formula
Here, the operator γ + ij annihilates a helicity +2 graviton and creates a helicity −2 graviton. While, the operator γ − ij does the opposite. In the de Sitter background it is easy to integrate these equations. In the asymptotic limit η = 0, we have
Thus, we arrive at the simple relation 2
It is worth noting here the following property
This traces back to the property of helicity basis (2.7) and plays a key rôle in proving no parity violation in the exactly de Sitter universe.
In the calculations of bispectrum based on the in-in formalism, we need where we have introduced the projection operators
Given these ingredients, we can compute the bispectrum as
where we have used the formula
(3.13)
The other non-zero contribution is given by
(3.14)
It can be also verified that the mixed parts γ + γ + γ − and γ + γ + γ − vanish, as they should due to the symmetry of de Sitter spacetime. These results are in agreement with those obtained by Maldacena and Pimentel [19] . They argued that this is determined by the conformal symmetry of de Sitter spacetime. It is worthwhile to emphasize that neither (γ + ) 3 nor (γ − ) 3 themselves are direct observables. Now, we need to clarify if the parity violation is observable or not in the non-gaussianity. Let us define the right-handed and left-handed circular polarizations by
respectively. A possible observable quantity in which a parity violation is encoded is their
For explicit formula, it is convenient to define a function (see Appendix B for derivation of the last equality)
Then, we obtain the bispectrum of right handed circular polarized modes 18) and the bispectrum of left-handed circular polarized modes
In the above calculations, the contributions from (3.12) and (3.14) have been cancelled out. It turns out that there exists no parity violation in a pure de Sitter universe. Since Maldacena and Pimentel proved that * W W 2 is the only way to break parity in the bispectrum, we have established that no parity violating bispectrum exists in exact de Sitter spacetime.
Parity Violation during Slow Roll Inflation
In this section, we extend calculations in the previous section to a slow-rolling inflationary universe. The strategy is as follows. We already know there is no parity violation in the pure de Sitter case. Hence, when we expand every term up to the first order in the slow roll parameter, the sources of parity violation stem from the following three parts: In what follows we shall discuss these contributions separately. We finally put each contribution together to conclude that parity violation appears in the first-order in slow roll.
We will see that the contribution (i) is higher-order in slow-roll, i.e., it is insignificant.
Change in the asymptotic mode function
In the slow-roll stage, the universe undergoes the following evolution
Though the explicit functional form of the scale factor is sensitive to the inflaton potential and/or kinetic term, the scale factor takes a simple form in the leading order of the slow-roll parameter. To see this, let us define the slow roll parameter ǫ as 3
where the dot denotes the derivative with respect to the cosmic time t. In the leading order of the slow-roll approximation this slow-roll parameter ǫ can be regarded as a constant. Under this condition by integrating 1 aH
which is equivalent to the definition of ǫ, we obtain
where H * is a constant of integration, and we have defined
The equation of motion for gravitational waves in this background can be written as
By solving this, we find that the mode function which satisfies the normalization condition (2.11) and approaches the Bunch-Davis type mode in the η → −∞ limit is given by
where H
ν is the Hankel function of the first kind. In the asymptotic limit −η → 0, this function freezes out and approaches to the constant value
where γ is the Euler constant. Here, we used
and Γ ′ (z) = ψ(z)Γ(z), where ψ(z) is poly-Gamma function. If we absorb the phase into the definition of the ladder operators as a (s) (k) → e −iπǫ/2 a (s) (k), we find that a relation between h ij and γ ij at η = 0 is the same as that in de Sitter case except for a real-valued numerical factor:
where C = 1 + ǫ (2 − γ − log 2 + log H * /k) . (4.11)
As it turns out, this term does not contribute to the parity-violation in the first-order in slow-roll parameter.
Change of γ ± ij
Next, let us consider the change in the expression for the interaction Hamiltonian in terms of the creation-annihilation operators. In the lowest order in the slow roll parameter ǫ, this change is caused by the change of γ ± ij from that in the pure de Sitter case in the linear order in ǫ. In this section, we denote γ ± ij in the slow roll inflation background byγ ± ij to distinguish it from the corresponding quantity in the pure de Sitter background, which is denoted by γ ± ij without the bar. Now we have
Inserting ν ≃ 3/2 + ǫ, we can approximate it as
where
and we have used the formulas
Absorbing the phase factor e iπǫ/2 by rescaling, we have
where γ + ij ′ is the expression in the pure de Sitter case given in (3.3) and (3.4) . In terms of the functions ρ ± defined by
the correction term χ ± ij can be expressed as
(4.18)
The tensor χ ± ij describing the deviation ofγ ij away from that in the pure de Sitter case appears in the interaction Hamiltonian as 19) where h.c. denotes the hermite conjugation of the preceding term. Now, we can calculate the bispectrum in the slow-roll inflation due to the change of γ ± ij . From the structure of χ ± ij , we see that graviton non-gaussianity consists of the four parts: γ + γ + γ + , γ − γ − γ − , γ + γ + γ − , and γ − γ − γ + . We calculate these parts in order using the Wightman functions,
(+ + +) part
This part is evaluated as
where A + is the integral
(4.23)
In contrast to the exact de Sitter case, this integral gives rise to an imaginary part. This produces a crucial difference in the final result regarding the parity violation. Here, we should stress that both of the circular polarization modes contribute to the (+ + +)-part of bispectrum.
(− − −) part
This part can be obtained from γ + γ + γ + by complex conjugation and the flip of the directions of each momentum p i :
Here, again, we see that both polarization modes make nonvanishing contributions to the bispectrum.
(− − +) part
In contrast to the pure de Sitter case, we have the cross contributions
Here, A − is the integral
In this expression, let us set p 1 + p 2 − p 3 = E and regard E as a constant independent of p 3 . Differentiation of the corresponding expression gives
Since the integral must vanish in the limit p 3 → i∞, this equation can be integrated to yield
Thus, it turned out that A − contains no imaginary part in contrast to A + . assembling results obtained above. To see the parity violation, we are required to evaluate
(4.34)
In the previous subsections, we found that the three-point correlators of γ ± ij are of order ǫ. It follows that the change from the overall constant factor C becomes higher-order in ǫ.
Thus we set C = 1 henceforth. From Eqs. (4.22), (4.24), (4.32), and (4.33) , we obtain the final result
and
where F (p 1 , p 2 , p 3 ) has been defined in Eq. (3.17) . Apparently, parity violation shows up in the bispectrum and its magnitude is proportional to the slow roll parameter. It is interesting to observe that the bispectrum of curvature perturbations is also proportional to the slow-roll parameter in the conventional single inflationary scenario [17] . It should be noted that no parity violation occurs in the mixed parts. Introducing a function
a simple algebra shows that
Since A − is real, there exists no parity violating contribution. The same conclusion applies to the bispectrum h R h R h L . It should be stressed that the parity violation can be observed in the CMB. In fact, three-point correlators T T B , T EB , EEB become non-zero in contrast to the parity conserving cases. In the conventional slow-roll inflationary scenario, the amplitude might be too small to be detected in near future. However, in the non-conventional scenarios, we might have much larger parity violation.
Conclusion
We have developed a useful formalism to evaluate graviton correlation functions. As an illustrating application of this formalism, we studied parity violation in the early universe through non-gaussianity of gravitons. First of all, by calculating the bispectrum we have shown that no parity violation arises in the exact de Sitter background. This statement may appear to be inconsistent with that by Maldacena and Pimentel. However, the explicit results of calculations they gave in their paper are in agreement with ours. The difference came from the interpretation. They have calculated (γ ± ) 3 and concluded there is a parity violation. This is not the case since the actual observables are (h R ) 3 − (h L ) 3 , etc. These vanish in the purely de Sitter universe. The situation is different when the spacetime departs from the exact de Sitter. In slow-roll inflationary case we have found parity violation in the graviton bispectrum proportional to the slow roll parameter.
We also discussed that parity violation in the bispectrum can be observed e.g., in the T T B correlation in the CMB. It might be also possible to detect the signature of parity violation through direct observations of primordial gravitational waves using a space interferometer observatory [26] .
Although we have concentrated on the parity violating Weyl cubic term, the present formalism enables us to calculate higher-order parity violating correlation functions rather straightforwardly. In fact, it does not require a sophisticated expertise to evaluate the parity violating non-gaussianity of the type * W W n . We can also extend our analysis to more general inflationary scenario using the effective field theory approach. In those cases, we expect large parity violating non-gaussianity. Moreover, we can evaluate parity violating contribution due to a non-minimal coupling to the inflation φ such as a term f (φ) * W W [24] . Our formalism would be useful in analyzing these general cases. Work along these directions is in progress.
It is known that exact de Sitter correlation function is related to correlation function of stress tensor in the conformal field theory through analytic continuation [17] . Hence, the graviton non-gaussianity has an interesting application. Similarly, our results would be useful for calculating three-point functions of stress tensor in the non-conformal field theory using gravity/field theory correspondence.
A. Pseudo Self-duality, Helicity, Parity Violating Action
The pseudo self-dual and anti-self-dual Weyl tensor are defined by
The factor "i" arises due to the Lorentzian signature. Let us consider tensor perturbations in the Minkowski spacetime
where γ (M)ij is a transverse traceless symmetric tensor describing a gravitational wave. The on-shell equations of motion are
where the prime denotes the differentiation with respect to η. It is convenient to define a new variable byγ (M)ij := ǫ jkl γ (M)ik,l . By multiplying ǫ mij to both side, we can prove this new tensor is symmetric. Then, it is easy to see the transversality ofγ (M)ij . Thusγ (M)ij is also the transverse traceless symmetric tensor. Using this new tensor, we can define helicity eigenstate by
One can then verify the relation
A direct calculation yields
where we used on-shell equations for gravitational waves (A.6) in Minkowski spacetime. It is easy to derive the following relations 4 4 In appearance the expression of W 3 derived here disagrees with Eq. (2.14) in [19] . However, they can be shown to be equivalent by using three-dimensional identity 2(γ These equations manifest the symmetry between W 3 and * W W 2 in a flat space. Now, we would like to promote the above beautiful relation to FLRW spacetime (2.2). The Weyl tensor is obtained as (A.16)
where we have used on-shell equations for gravitational waves in FLRW spacetime. Comparing this expression with the one in Minkowski spacetime, we notice that if we make the identification γ Thus, we can deduce the action in the main text.
B. Polarization tensors
We fix the representation of polarization tensors [27] . Because of momentum conservation k 1 + k 2 + k 3 = 0, we can make all k i lying on the (x, y)-plane without losing any generality. It follows that a triangle can be constructed as k 1 = k 1 (1, 0, 0) , k 2 = k 2 (cos θ, sin θ, 0) , k 3 = k 3 (cos φ, sin φ, 0) , (B.1)
where From these expressions we can calculate F (k 1 , k 2 , k 3 ) and J(k 1 , k 2 , k 3 ) defined respectively by (3.17) and (4.37). The resultant expressions are given by
(1 − cos θ)(1 − cos φ)(1 − cos(φ − θ))
